A new interatomic potential has been developed for the Ni-Cr system in the angular-dependent potential (ADP) format by fitting the potential parameters to a set of experimental and first-principles data. The ADP potential reproduces a wide range of properties of both elements as well as binary alloys with reasonable accuracy, including thermal and mechanical properties, defects, melting points of Ni and Cr, and the Ni-Cr phase diagram. The potential can be used for atomistic simulations of solidification, mechanical behavior and microstructure of the Ni-based and Cr-based phases as well as two-phase alloys.
employed in the simulations. While several good-quality potentials have been developed for Ni [3] [4] [5] , Cr has received much less attention. Two embedded-atom method (EAM) potentials [6, 7] and a modified EAM potential [8] for Cr can be found in the literature. These potentials have not been extensively tested for key properties of Cr, such as the energies of alternate crystal structures, surface energies, thermal expansion, phonon dispersion relations, melting temperature, and others that are most important for atomistic simulations. Likewise, the existing EAM potential for the binary Ni-Cr system only exists as part of a ternary Fe-Ni-Cr [9] and quaternary Fe-Ni-Cr-Pd [10] potentials. The latter was constructed and tested focusing on radiation defects and diffusion in the fcc-based solid solution under service conditions in nuclear reactors.
In this paper we propose a new interatomic potential for the Ni-Cr system. Considering that Cr is a bcc metal with a partially filled d-band, we choose the angular-dependent potential (ADP) format [3, [11] [12] [13] [14] in order to capture the angular dependence of interatomic forces arising due to the directional d-bonding. In section 2 we recap the ADP format and describe the methodology applied in this work for the optimization of the potential parameters. The properties predicted by the potential and their comparison with experimental data and firstprinciples calculations are discussed for the single-component Ni and Cr in section 3 and then for the binary Ni-Cr alloys in section 4. In the latter case, the emphasis is placed on the ability of the new potential to reproduce the binary phase diagram. The conclusions are formulated in section 5.
Potential format and fitting procedures
In the ADP method [3, [11] [12] [13] [14] , the total energy E of a collection of atoms is represented in the form is the species-dependent electron density function assigned to atom j. The first two terms in equation (1) constitute the functional form of regular EAM potentials [15, 16] and have a central-force character. The non-central interactions are captured by the last three terms in equation (1) , which depend on the local dipole vectors The non-central terms in equation (1) penalize the total energy for deviations of the atomic environments from cubic symmetry. While they vanish in a perfect cubic structure, they can be important in non-cubic structures and even in cubic structures under nonhydrostatic strains. They can affect the elastic constants, defect formation energies, the melting point, and many other material properties.
A complete ADP description of the binary Ni-Cr system requires 13 functions: . Having ADP potentials for pure Ni and pure Cr, only the crossinteraction functions Φ NiCr (r), u NiCr (r) and w NiCr (r) are needed to describe the binary system. All these functions were represented by analytical expressions with adjustable parameters. Specifically, the electron density functions for Ni and Cr were chosen in the form
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where y=r−r 0 , r c is the cutoff radius, and B 0 , C 0 , r 0 , ε, γ and h are fitting parameters. The cutoff function ψ(x) is given by
if x<0 and ψ(x)≡0 if x0. The coefficient A 0 was adjusted to give a unit host electron density in the single-component crystal (fcc Ni or bcc Cr) with the equilibrium lattice parameter. For the Ni and Cr potentials, the pair interaction potentials had the form of the generalized Lennard-Jones function where z=r/r 1 and b 1 , b 2 , r 1 , W 0 , δ, ξ and m are fitting parameters. Mixing the functions ρ(r) and Φ(r) with an adjustable weight m gives additional flexibility in optimizing the shape of Φ (r). Note that the cutoff function ψ(x) guarantees that ρ(r), Φ(r) and their derivatives up to the second one go smoothly to zero at the common cutoff radius r c . For the cross-interaction potential Φ NiCr (r), a more general Lennard-Jones function was used: 
where x=a/a 0 −1, a = -( ) V B E 9 0 modulus and β is a parameter. The latter controls the high-pressure behavior without changing the equilibrium lattice constant, cohesive energy or bulk modulus. The universal equation of state was initially proposed by Rose et al [17] . In this work, the large-separation region of E(a) was additionally modified to ensure a smooth cutoff at r c . Note that the inversion based on equation (10) guarantees an exact fit to a 0 , E 0 and B.
Finally, the dipole and quadrupole functions were parameterized in the form 
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The transformation coefficients s Ni , g Ni and g Cr were used as additional adjustable parameters. In this work we utilized a slightly modified version of an existing ADP Ni potential developed in [3] . It was noted [3] that the contribution of the non-central terms to Ni properties was relatively small. Furthermore, it was found that the quadrupole term is more effective in controlling the properties of Ni than the dipole term. Therefore, in the interest of simplicity we only included the quadrupole term in the ADP Ni potential and turned the dipole term off by setting d i =0. After this modification, the properties predicted by the Ni potential could slightly change and were thus recomputed in this paper.
For Cr, a new ADP potential was constructed. The fitting database included the experimental values of a 0 , E 0 , B, the elastic constants C ij , the vacancy formation energy, and the density functional theory (DFT) surface energies g s for the (110) and (111) crystallographic orientations. The (100) surface orientation was fitted to the experimental value of γ s . It additionally included the equilibrium energies of the fcc, hexagonal close packed (HCP), simple cubic and A15 structures predicted by first-principles DFT calculations. For the Ni-Cr cross-interaction functions, the database included DFT values of the equilibrium formation energies of several Ni-Cr compounds with different stoichiometries and crystal structures. The formation energy is defined as the difference between the cohesive energy of the compound per atom and the average of the cohesive energies of the atoms making up the compound. Namely, the formation energy of a compound with the Ni n Cr m stoichiometry is 
where ( ) E Ni Cr n m is the energy of the compound per formula unit with the equilibrium lattice constant. The following structures were included in the fit: B1, B2, B3, L1 0 and L1 1 of NiCr, and L1 2 , D0 3 and D0 22 of NiCr 3 and Ni 3 Cr. All DFT values used in this works were taken from the literature [25] [26] [27] .
The fitting parameters were optimized by minimizing the weighted mean-squared deviation of the computed properties from their target values using the simulated annealing method. By selecting different sets of weights, several versions of the potential were generated. Each version was tested against a set of experimental and DFT properties that were not included in the fitting database. If the tests revealed a significant flaw of the potential, it was discarded. One of the tests was the ability of the potential to predict the equilibrium lines on the Ni-Cr phase diagram as discussed below. Based on the test results, the potential showing the best performance was selected as final. Similar to the Ni case, it was found that the quadrupole terms describing the Ni-Cr interactions were sufficient and thus the dipole terms were not included
The optimized values of the potential parameters are listed in table 1 for Cr and table 2 for Ni-Cr. The potential functions in the effective pair format are shown in figure 1. 
6.463 548 Tables 3 and 4 compare predictions of the ADP Ni and Cr potentials with experimental and DFT data for a set of properties that are most relevant to atomistic simulations. The tables also include predictions of the EAM Ni [22] and EAM Cr [6, 7] potentials from the literature. Most of the DFT Ni properties from the literature refer to the ferromagnetic state unless otherwise is indicated. All defect energies reported in the tables were obtained by static relaxation at 0 K temperature. The vacancy migration energy E v m was computed by the nudged elastic band method [28, 29] . The energy along the reaction coordinate of the vacancy jump was found to have a single maximum at the midpoint (1/2)[110] for Ni and (1/2)[111] for Cr. The interstitial formation energies were computed for several split dumbbell configurations with different orientations. The energies of the alternate crystal structures were minimized with respect to the lattice parameter and reported relative to the ground-state structure. All calculations utilized the open source molecular dynamics (MD) code LAMMPS [30] .
Testing of the Ni and Cr potentials
The ADP Ni potential demonstrates moderate improvements over the EAM version [22] with respect to the vacancy formation and migration energies, surface energies, and the energies of the non-centrosymmetric HCP and DC structures (table 3). For Cr, the ADP potential accurately reproduces the experimental cohesive energy, lattice parameter, elastic constants of the paramagnetic phase, and the vacancy formation energy E v f (table 4) . It slightly underestimates the vacancy migration barrier E v m and systematically underestimates the interstitial formation energies and the surface energies. However, the rankings of the different interstitial configurations and surface orientations are predicted correctly. During the potential development, some versions of the potential gave higher interstitial and surface energies, but they tended to overestimate the melting temperature. We thus selected a version that was considered a reasonable compromise.
Overall, with respect to the properties mentioned above, the ADP Cr potential performs at about the same level of accuracy as the EAM potential from [7] and both are more accurate than the EAM potential from [6] . It should be emphasized, however, that by contrast to the EAM potentials [6, 7] , the ADP potential was additionally fitted to three surface energies and DFT energies of four alternate crystal structures of Cr. This expansion of the fitting database improved the transferability of the potential to a wider range of configurations. At the same time, this limited its ability to improve certain properties, such as the interstitial formation energies. Table 4 shows that the fit to the alternate structural energies is reasonably good, except for the fcc energy which is too small. We were unable to achieve a better agreement for the fcc energy without compromising the accuracy of other properties.
The phonon dispersion curves for Ni and Cr were computed by MD simulations at 293 K. The method [31] reconstructs the dynamical matrix of the crystal from correlations Table 3 . Properties of Ni calculated with the ADP (this work) and EAM [22] potentials in comparison with experimental data and first-principles DFT calculations. The potential was fitted to the experimental properties marked by an asterisk. The references to the experimental and some of the DFT data can be found in [3, 22] . between atomic displacements during an MD run. Fourier transformation of the dynamical matrix permits calculations of the phonon frequencies along high-symmetry directions in the reciprocal space. Figure 2 compares the results predicted by the potentials with experimental dispersion curves measured by neutron scattering at the same temperature [32, 33] . While most of the low phonon frequencies are reproduced accurately, the frequencies of zoneboundary phonons tend to be overestimated (Ni) or underestimated (Cr) by approximately 10%. For Cr, there is also a significant discrepancy along the H-P direction on the zone [6] . b [7] . c [50, 52] . d [51] . e [54] . f [55] . g [53] . h [24] . i Materials project [27] . , where a RT is the cubic lattice parameter at room temperature (293 K). Each curve ends near the experimental melting point. The agreement with experiment is generally good, especially considering that thermal expansion was not included in the potential fits. In fact, the agreement remains very good up to 600 K for Ni and about 1200 K for Cr. At higher temperatures, the potentials under-predict (Ni) or over-predict (Cr) the experimental data.
The melting temperatures of Ni and Cr were computed by the phase coexistence method [35, 36] . For each metal, a periodic simulation block was prepared that contained approximately cubic volumes of the stress-free solid and liquid phases separated by a (100)-oriented interface. The block contained 24 000 atoms (12.7 nm dimension normal to the interface) for Ni and 12 240 atoms (respectively, 8.8 nm) for Cr. The initial temperature was chosen to be close to the expected melting point. The cross-section of the simulation block (parallel to the interface) was fixed, while the dimension normal to the interface was allowed to vary. Next, a long NPH (constant enthalpy) MD simulation was executed at the pressure of 1 atm applied normal to the interface. During the simulation, partial melting or solidification of the material occurred accompanied by a change in temperature. This change eventually stopped when the conditions of solid-liquid phase equilibrium were met. Accordingly, the temperature reached a value T m corresponding to the melting point of the metal at the ambient pressure. The melting temperatures obtained are listed in tables 3 and 4. For Ni, T m exceeds the experimental value by 44 K (2.5%), while T m of Cr underestimates the experiment by 32 K (1.5%). Given that neither T m nor any liquid properties were in the fitting database, this agreement is evidence of good transferability of the potentials to high-temperature properties. Table 5 compares the DFT formation energies of several binary Ni-Cr compounds with formation energies computed with the ADP potential. The DFT energies from the OQMD database [26] were fitted during the development of the potential while the DFT energies from the AFLOW database [25] are included for comparison. While the agreement of the DFT energies with the potential predictions are far from perfect, there is obviously a strong correlation across a 1.8eV wide energy range as illustrated in figure 4 .
Testing of the binary Ni-Cr potential
As the main test of the Ni-Cr potential we focused on its ability to predict the Ni-Cr phase diagram. The Ni-Cr phase diagram is eutectic type containing fcc and bcc-based solid solutions and a liquid phase. The diagram was calculated by a method similar to the one developed previously for the Cu-Ag system [37] with some computational improvements. The solid-solid equilibrium lines were computed by thermodynamic integration while the solid-liquid equilibrium lines were obtained by direct phase coexistence simulations. In the thermodynamic integration method, the first step was to obtain the Gibbs free energies, g 0 , of pure Cr and Ni at a reference temperature T 0 using the quasi-harmonic Figure 4 . DFT formation energies of Ni-Cr compounds plotted against the formation energies predicted by the ADP potential. The line of perfect agreement is shown as a guide to the eye. Table 5 . Formation energies (eV/atom) of different structures of Cr-Ni calculated with the ADP potential in comparison with DFT data. The DFT energies from the OQMD database [26] were used in the fitting process while the energies from AFLOW [25, 56] are included to show the scatter of the DFT calculations. approximation as in the previous work [37] [38] [39] [40] [41] . In this approximation, the classical harmonic free energy is added to the potential energy of the system and the total free energy is minimized at the chosen reference temperature. The same reference temperature T 0 =293 K was chosen for both Cr and Ni. Next, NPT Monte Carlo simulations at zero pressure were executed for each metal for a set of temperatures T ranging from T 0 to temperatures above the expected eutectic point. At each temperature, the average potential energy per atom was computed and the total energy per atom was obtained by adding the classical kinetic energy k T 3 2 B , k B being the Boltzmann factor. Because the pressure was zero, this total energy could be equated to the enthalpy per atom h(T). The latter was approximated by a quadratic function
with fitting parameters h 0 , A and B. The Gibbs free energy of the metal, g(T), was then determined by integrating the Gibbs-Helmholtz equation
between the reference temperature T 0 and a chosen temperature T>T 0 , giving the analytical expression Ni , were fixed, while the chemical species of the atoms were allowed to switch randomly between Ni and Cr. In addition, individual atoms were subject to small random displacements and all three dimensions of the simulation block were allowed to fluctuate to ensure the zero-pressure condition along each Cartesian direction. The computations employed a cubic periodic supercell containing N=4000 atoms, with the initial state being elemental fcc Ni or elemental bcc Cr. For each temperature and Δμvalue, the system was equilibrated by 70 000 Monte Carlo steps (each step being a cycle of N attempted moves), after which the equilibrium alloy composition was obtained by averaging over 40 000 additional Monte Carlo steps. The alloy composition c was defined as the fraction of Cr atoms. Te simulations utilized the parallel Monte Carlo code ParaGrandMC [42] . As a result, Δμ(c, T) functions were obtained for a set of temperatures for the fcc and bcc-based solid solutions. At each temperature, these functions were fitted by the analytical expression
with the fitting parameters α, β and γ. Knowing these parameters, the Gibbs free energy function was reconstructed for each solid solution, see example in figure 5 . Finally, the equilibrium compositions of the phases were computed by constructing a common tangent to the free energy functions by a numerical procedure (figure 6). Repeating this calculation for several temperatures, the solvus lines bounding the miscibility gap on the phase diagram were obtained.
To compute the solidus and liquidus lines, the same solid-liquid simulation block was utilized as for the melting point calculations in pure Ni and Cr (section 3). Instead of MD, semi-grand canonical Monte Carlo simulations were implemented in the composition-controlled mode using the same methodology as described above. At each temperature, the imposed average chemical composition of the system was adjusted so that equilibrium would be reached with about half of the block being liquid and the other half solid. After equilibration, the chemical compositions of the phases were computed by averaging over 80 000 Monte Carlo steps using bulk regions unaffected by the solid-liquid interface. Figure 7 compares the phase diagram predicted by the ADP potential with the experimental phase diagram known from the literature [43] . The computed phase diagram is topologically correct and even predicts the eutectic temperature in agreement with experiment, although the eutectic composition is somewhat shifted towards the Ni side. Overall, the agreement with the experimental phase diagram is good.
For a more detailed comparison with experiment, the lattice parameters of the phases were computed for several alloy composition by semi-grand canonical NPT simulations at several temperatures and the results were plotted together with the respective experimental x-ray diffraction measurements. Examples are shown in figure 8 . For the Cr-based solution, the measurements were made at high temperatures to keep the samples in the single-phase state (seethe phase diagram in figure 7) . By contrast, the Ni-based solution has a wider homogeneity range and the measurements could be made at lower temperatures. In both cases, the ADP potential performs quite well. There is a slight shift in the absolute values of the lattice parameter, but the slope of the temperature dependence is reproduced accurately without fitting. Figure 9 shows the ADP formation enthalpy of the Ni-based solid solutions as a function of chemical composition at the temperature of 1550 K. Zero-pressure Monte Carlo simulations were applied using a cubic periodic block containing 4000 atoms. The methodology was similar to the one applied for phase diagram calculations (section 4) with the energy averaged over 65 000 Monte Carlo steps after equilibration. The formation enthalpy H f of a Cr x Ni 1−x solid solution was defined as
where x is the fractional composition of Cr, H Cr and H Ni are the enthalpies of pure bcc Cr and fcc Ni, respectively, and H is the enthalpy of the binary solution. The plot displays a local minimum at about 20%Cr with a negative formation enthalpy, indicating an ordering tendency. For comparison, figure 9 includes two sets of experimental data [2, 44] measured by calorimetry. The experiment also shows a local minimum, although it is shallower and shifted to about 10%Cr. Despite this discrepancy, the ADP potential does capture the essential trend. Finally, figure 10 shows a similar comparison for the Gibbs formation energy defined by a formula similar to equation (22) . The experimental measurements [2] were made at 1550 K (just below the eutectic) and cover the composition domains of both phases at this temperature. Since the ADP-predicted eutectic temperature is somewhat lower, the temperature of 1500 K was chosen for the calculations. The Gibbs energies of the phases were computed as part of the phase diagram calculations discussed in section 4. The ADP predictions slightly over-bind both phases, but otherwise the comparison is quite favorable, especially considering that high-temperature properties of the phases were not part of the potential development.
Conclusions and outlook
The ADP Ni-Cr potential developed in this work demonstrates a reasonable agreement with the available DFT and experimental data for a large set of properties of both elements as well as their alloys. Given that Cr is a bcc transition metal, the ADP format chosen in this paper appears to be more appropriate than the regular EAM format used for the Ni-Cr system in the previous work [9] .
The fact that the potential reproduces the experimental Ni-Cr phase diagram without a direct fit points to its good transferability to high-temperature properties over the entire compositional range. Since the potential correctly predicts the solidus and liquidus lines on the phase diagram, it might be suitable for simulations of the melting and solidification processes. In particular, the free energies and mobilities of the solid-liquid interfaces could be computed and utilized as input material parameters needed for continuum modeling of such processes. This type of modeling is especially relevant to the additive manufacturing of Inconel alloys [45] using Ni-Cr as a simple prototype.
Moreover, since the potential predicts the solvus lines in agreement with experiment, it can be suitable for simulations involving thermodynamic coexistence of the Ni-based and Cr-based phases of this system. For example, this opens an opportunity to study the structure and properties of fcc-bcc interfaces as a function of temperature (and thus the bulk phase compositions) and bicrystallography. In particular, dislocation transmission through such interfaces could be investigated in the context of precipitation hardening and creep deformation.
Finally, the development of the Ni-Cr potential in this work could be considered as the first step towards ternary Fe-Ni-Cr and Ni-Al-Cr systems as models of austenitic steels and Ni-based superalloys, respectively. These systems, in turn, could serve as starting points for the modeling of multicomponent concentrated solid solution alloys, where Cr can play a particularly important role, see for example [46] . 
